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gxf : X ->1Z

(g * F)(x) = g(f(x))
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< ZHEAE R
not : B -> B

not = { true |-> flse, flse |-> true }

not : B -> B
not(true) = flse



not(flse) = true
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and : B X B -> B
and(true, true) = true

and(_, _) = flse

and : B -> (B -> B)
and(true) (true) = true

and(_)(_) = flse
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data N = 0 | succ N
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EiXFhE X F: 1 == succ 0, 2 == succ 1 == succ (succ 0), ...
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plus : N -> (N -> N)

plus(m)(0) = n

plus(m) (succ n) = succ (plus(m)(n))

T3z 5 R BUR B
plus(3) (4)
plus(3) (succ 3)
succ(plus(3)(3))

succ(plus(3) (succ 2))



= succ(succ(plus(3)(2)))

= succ(succ(plus(3) (succ 1)))

= succ(succ(succ(plus(3)(1))))

= succ(succ(succ(plus(3) (succ 0))))
= succ(succ(succ(succ(plus(3)(0)))))
= succ(succ(succ(succ(3))))

= (succ * succ * succ * succ)(3)
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plus(m)(n) = (succ * succ * ... * succ)(m)

-- the compostion of n succ--
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mult : N -> (N -> N)

mult(m)(B) = O

mult(m) (succ n) = plus(m)(mult(m)(n))

Feiz R B 5
mult(3) (4)
= mult(3) (succ 3)
= plus(3) (mult(3)(3))
= plus(3) (mult(3) (succ 2))
= plus(3) (plus(3) (mult(3)(2)))
= plus(3) (plus(3) (mult(3) (succ 1)))
= plus(3) (plus(3) (plus(3) (mult(3)(1))))
= plus(3) (plus(3) (plus(3) (mult(3) (succ 0))))
= plus(3) (plus(3) (pLus(3) (plus(3) (mult(3)(0)))))
= plus(3) (plus(3) (plus(3) (plus(3)(0))))
= (plus(3) * plus(3) * plus(3) * plus(3))(0)
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mult(m) (n) = (plus(m) * plus(m) * ... * plus(m))(0)

----- the compostion of n plus(m) -----
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expn : N -> (N -> N)

expn(m) () =

expn(m) (succ n) = mult(m) (expn(m)(n))
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expn(3) (4)
= expn(3) (succ 3)
= mult(3) (expn(3)(3))
= mult(3) (expn(3) (succ 2))
= mult(3) (mult(3) (expn(3)(2)))
= mult(3) (mult(3) (expn(3) (succ 1)))
= mult(3) (mult(3) (mult(3) (expn(3)(1))))
= mult(3) (mult(3) (mult(3) (expn(3) (succ 0))))
= mult(3) (mult(3) (mult(3) (mult(3) (expn(3)(6)))))
= mult(3) (mult(3) (mult(3) (mult(3)(1))))
= (mult(3) * mult(3) * mult(3) * mult(3)) (1)
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expn(m) (n) = (mult(m) * mult(m) * ... * mult(m)) (1)

----- the compostion of n mult(m) -----
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fact : N -> N

fact(0) =

fact(succ n) = mult(succ n)(fact(n))
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fact(3)
= fact(succ 2)
= mult(succ 2)(fact(2))
= mult(succ 2)(fact(succ 1))
= mult(succ 2) (mult(succ 1)(fact(1)))
= mult(succ 2) (mult(succ 1) (fact(succ 0)))
= mult(succ 2) (mult(succ 1) (mult(succ 0) (fact(0))))
= mult(succ 2) (mult(succ 1) (mult(succ 0)(1)))
= (mult(succ 2) * mult(succ 1) * mult(succ 0))(1)
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fact(n) = (mult(n) * mult(n - 1) * ... * mult(1))(2)

------- the compostion of n mult( ) -------
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fib(0)
fib(1)
fib(succ (succ n)) = plus(fib(n)) (fib(succ n))

0
1

R0z H R HUR ) -
fib(5)

= plus(fib(3)) (fib(4))

= plus(plus(fib (1)) (fib(2))) (plus(fib(2)) (fib(3)))

= plus(plus(1) (plus(fib(B)) (fib(1))))
(plus(plus(fib(8)) (fib(1))) (plus(fib(1)) (fib(2))))

= plus(plus(1) (plus(0)(1))) (plus(plus(®) (1)) (plus(1) (plus(fib(0)) (fib(1)))))

= plus(plus(1) (plus(0) (1))) (plus(plus(8) (1)) (plus(1) (plus(B) (1))))
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fold : (t -> t) -> (t -> (N -> t))
fold(h)(c) (@) = ¢

fold(h) (c) (succ n) = h(fold(h)(c)(n))
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Oh:t->t,

Oc: t

> %%E h ot ->1t, c:t, s f=Ffold(h)(c), M=AT%I:

f(0) = ¢



f(succ n) = h(f(n))

BRERANERARIZAN 8 I S0, TH 0T ke
O #E—1HMRHn, ATH:
n = (succ * succ * ... * succ)(0)
--the composition of n succ --

O B f = fold(h)(c), NIAT%a:
fn) =(Ch * h * ... * h)(c)

----the composition of n h----
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{#H fold %, wILAX} plus / mult / expn X=EREGHETIEZINE X
plus : N -> (N -> N)
plus(m) = fold(succ) (m)

mult : N -> (N -> N)
mult(m) = fold(plus(m))(0)

expn : N -> (N -> N)
expn(m) = fold(mult(m)) (1)

ENGIE
—————— the composition of n succ ------
n = (succ * succ * ... * succ
) (0)
I I I
plus(m) (n) = (succ * sucC * ... % succ
) (m)

I I I
(plus(m) * plus(m) * ... % plus(m))(0)
I I I

mult(m) (n)



expn(m) (n) =  (mult(m) * mult(m) * ... % mult(m)) (1)

< ] fold %, AT fact / fib P EEGEEATIRZIH 2 X
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fst : axb ->a /] FE: XHEa b #HeRUERE

fst(x, _)

1
x

snd : a Xb ->a

snd(_, y)

1
~<

fact H%IE -

fact : N -> N

fact = snd * (fold(f)(0, 1))
where

f: NXN->NXN

f(m, n) = (m+ 1, (m+ 1) % n)

---the composition of n succ---
n = (succ * succ * ... % succ )(0)
I I I

fact(n) = snd((f * f * ... % f
)(0,1))

--- the composition of n f ---

fib BREE X

fib : N -> N

fib = fst * (fold(g) (@, 1))
where

g: NxXxN->NXxN

g(m, n) = (n, m + n)



---the composition of n succ---
(succ * succ * ... * succ )(0)
I I I

fib(n) = fst((g * g x ... *x g
)(0,1))
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--- the composition of n g ---
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mo[1] 81 <[] - MUEEEREL K list
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<> List 287 nE X
data [a] = []1 | a < [a]
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< List IR %L
cons : a -> ([a] -> [a])

cons(n)(ns) = n < ns

len : [a] -> N
len([]) =0

len(n < ns) = 1 + len(ns)

rev : [a] -> [a]

rev = revm([])

where
revm : [a] ->([a] -> [a])
revm(xs) ([1) = xs

revm(xs) (y < ys) = revm(y < xs)(ys)

concat : [a] -> ([a]l -> [al)
concat([]1)(ns) = ns

concat(m < ms)(ns) = m < (concat(ms)(ns))

filter : (a -> B) -> ([a] -> [a])
filter(p) ([1) = []
filter(p) (n < ns) = concat(ifelse(p(n))([n])([])) (filter(p)(ns))
where
ifelse : B -> (a -> (a -> a))
ifelse(true) (x) (L) = x
ifelse(flse) (L) (y) =y

1.8. List EiY) fold ¥k
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foldr R¥UHIE X

foldr : (a -> (b -> b)) -> (b -> ([a]l -> b))
foldr(h) (c) ([ = ¢

foldr(h) (c)(x < xs) = h(x)(foldr(h)(c)(xs))

WRAHRIXAE XL, THEUW TR
O #45% xs : [ale AE—ME, 2 XS = Xn < Xoe1 < ... < X1 <[], T4

xs = (cons(x,) * cons(Xn-1) * ... * cons(x1))([])

O 4 f = foldr(h)(c), NmAT%0:
f(xs) = ( h(x,)  * h(xn-1) * ... % h(x1)) (c)

O [
m f(xs) #xs i [1 BHAc, #xs T4 cons E#: h
B xs Ml f(xs) ZFEMK, B. BEEAHERSH

foldl B HIE X

foldl : (b -> (a -> b)) -> (b -> ([a] -> b))
foldl(h)(c)([]) = ¢

foldl(h) (c)(x < xs) = foldl(h) (h(c)(x))(xs)
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flip : (@ -> (b ->¢)) -> (b -> (@ -> ¢))
flip f xy = fy x



WRAHME foldl KIE X, HAEW TR
O %45 xs : [al. AE—fEME, & x5 = Xp < Xp1 < ... < X1 < [1, o740

xs = (cons(x,) * cons(Xn-1) * ... * cons(x1))([])

O txf = foldl(h)(c), & h' = flip(h), JIAT%0:
f(xs) = ( h'(xd) * h'(x2) * ... % h'(xy)))(c)

O {Hip:
m f(xs) #xsHK [1 HHHlc, #xs FHHE— cons Bl h', EIHH
FT7T—T-
B X, xs Ml F(xs) &7 EAMFE L RE?

MR B, 5 A N R
O %4 xs : [al. REMEME, 4 xS = Xa < Xn1 < ... < X1 <[], ®4%0:
Xs = Xo < Xn1 < ... < X1 <[]
O Bsif = foldl(h)(c), 4 u h v = h(u)(v), HB%EMF h BELSEH,
pl

f(xs) =ch xo h X1 < ... < x12 <[]

1.9. MM fold %k, FiE X List AHKHEEL

< len pR%L

len : [a] -> N

len = foldr(h)(0)

where
h:a->N->N
h(a)(n) = n + 1



----- the composition of n cons =====

XS = (cons(x,) * cons(Xn-1)* ... * cons(x1))([])
| | | | |
len(xs) = (C h(x.)* h (Xn-1) X ... 0% h(x1)) (0)
----- the composition of n h ========
< rev K

rev : [a] -> [a]
rev = foldl(>)([])
where

T>x=x<1

XS = Xn < Xpa1 < ... < x¢ < []

rev(xs) =[] > X» > Xpa > ... > X1

< concat %k
concat : [a]l -> ([a]l -> [a])

concat(xs) (ys) = foldr(cons) (ys)(xs)

XS = (cons(x,) * cons(Xn-1)* ... * cons(xs))([])

concat(xs)(ys) = (cons(x,)* cons(Xn1)* ... * cons(xi))(ys)

< filter E%
filter : (a -> B) -> ([a] -> [al)
filter(p) = foldr(f(p))([1)

where



f: (@a->B) -> (a -> ([a] -> [a]))
f(p)(x) = ifelse(p(x))(cons(x))(id)
id : a -> a

id x = x

(cons(xn) * cons(xn-1)* ... * cons(xy))([])

XS

I I
filter(f(p)) (xs)

(F(P) (xn) * FP) (Xn-1)* ... * F(P)(x))([])
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NS UEE 5 SRPN
gsort : [N] -> [N]
gsort([]) = []
gsort(n < ns) = concat(concat(filter(1t(n))(ns))([nl))
(gsort(filter(ge(n))(ns)))
where
1t : N -> (N -> B)
1t(n)(m) = if m < n then true else flse
ge : N -> (N -> B)
ge(n)(m) = not(lt(n)(m))
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XM Haskell B 5451 gsort &k

gsort :: Ord a => [a] -> [a]

gqsort []
gsort (p:xs)
where
1t

ge

S S SR

[]
gsort 1t ++ [p] ++ gsort ge

filter (< p) xs
filter (>= p) xs



